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g on a generalized metric space X . To prove our results we assume that f is a generalized
weakly G-contraction mapping of types A and Bwith respect to g .
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1. Introduction
Over the past few decades, the metric fixed point theory has become an important field of research in both pure and ap-
plied sciences. In fact, it has becomeone of themost essential tools in nonlinear functional analysis, optimization,mathemat-
ical models, economy and medicine. In recent years, Gahler [1,2] introduced the notion of 2-metric spaces while Dhage [3]
introduced the concept of D-metric spaces. Later on, Mustafa and Sims [4] showed that most of the results concerning
Dhage’s D-metric spaces are invalid. Therefore, they introduced a new notion of generalized metric space, called G-metric
space. After then, many authors studied fixed and common fixed points in generalized metric spaces (see [5–12,4,13–21]).
Now we give preliminaries and basic definitions which are used throughout the paper.
Definition 1.1 ([4]). Let X be a nonempty set and let G : X×X×X → R+ be a function satisfying the following properties:
(G1) G(x, y, z) = 0 if x = y = z,
(G2) 0 < G(x, x, y), for all x, y ∈ X with x ≠ y,
(G3) G(x, x, y) ≤ G(x, y, z) for all x, y, z ∈ X with z ≠ y,
(G4) G(x, y, z) = G(x, z, y) = G(y, z, x) = · · ·, symmetry in all three variables,
(G5) G(x, y, z) ≤ G(x, a, a)+ G(a, y, z) for all x, y, z, a ∈ X .
Then the function G is called a generalized metric, or, more specifically, a G-metric on X , and the pair (X,G) is called a
G-metric space.
Definition 1.2 ([4]). Let (X,G) be a G-metric space, and let {xn} be a sequence of points of X . A point x ∈ X is said to be
the limit of the sequence {xn}, if limn,m→+∞ G(x, xn, xm) = 0, and we say that the sequence {xn} is G-convergent to x or
{xn} G-converges to x.
Thus, xn → x in a G-metric space (X,G) if for any ε > 0, there exists k ∈ N such that G(x, xn, xm) < ε for allm, n ≥ k.
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Proposition 1.3 ([4]). Let (X,G) be a G-metric space. Then the following are equivalent:
(1) {xn} is G-convergent to x;
(2) G(xn, xn, x)→ 0 as n →+∞;
(3) G(xn, x, x)→ 0 as n →+∞;
(4) G(xn, xm, x)→ 0 as n,m →+∞.
Definition 1.4 ([4]). Let (X,G) be a G-metric space, a sequence {xn} is called G-Cauchy if for every ε > 0, there is k ∈ N such
that G(xn, xm, xl) < ε, for all n,m, l ≥ k; that is G(xn, xm, xl)→ 0 as n,m, l →+∞.
Proposition 1.5 ([4]). Let (X,G) be a G-metric space. Then the following are equivalent:
(1) The sequence {xn} is G-Cauchy.
(2) For every ε > 0, there is k ∈ N such that G(xn, xm, xm) < ε, for all n,m ≥ k.
Definition 1.6 ([4]). A G-metric space (X,G) is called G-complete if every G-Cauchy sequence in (X,G) is G-convergent in
(X,G).
Proposition 1.7 ([4]). Let (X,G) be a G-metric space. Then, for any x, y, z, a ∈ X it follows that:
(i) If G(x, y, z) = 0, then x = y = z;
(ii) G(x, y, z) ≤ G(x, x, y)+ G(x, x, z);
(iii) G(x, y, y) ≤ 2G(y, x, x);
(iv) G(x, y, z) ≤ G(x, a, z)+ G(a, y, z);
(v) G(x, y, z) ≤ 23 [G(x, y, a)+ G(x, a, z)+ G(a, y, z)];
(vi) G(x, y, z) ≤ G(x, a, a)+ G(y, a, a)+ G(z, a, a).
Choudhury [22] introduced the concept of weakly C-contractive mapping as follows:
Definition 1.8 ([22]). A mapping T : X → X where (X, d) is a metric space is said to be weakly C-contractive if for all
x, y ∈ X , the following inequality holds:
d(Tx, Ty) ≤ 1
2
(d(x, Ty)+ d(y, Tx))− φ(d(x, Ty), d(y, Tx))
where φ : [0,+∞)2 → [0,+∞) is a continuous function such that φ(x, y) = 0 if and only if x = y = 0.
For details on weakly C-contraction we refer the reader to [22–24]. Recently, Shatanawi et al. [25] introduced the
following definitions:
Definition 1.9. Let (X,G) be a G-metric space. A mapping f : X → X is said to be weakly G-contractive if for all x, y, z ∈ X ,
the following inequality holds:
G(fx, fy, fz) ≤ 1
3
(G(x, fy, fy)+ G(y, fz, fz)+ G(z, fx, fx))− φ (G(x, fy, fy),G(y, fz, fz),G(z, fx, fx))
where φ : [0,+∞)3 → [0,+∞) is a continuous function with φ(t, s, u) = 0 if and only if t = s = u = 0.
Definition 1.10. Let (X,G) be a G-metric space. A mapping f : X → X is said to be weakly G-contractive type mapping if
for all x, y, z ∈ X , the following inequality holds:
G(fx, fy, fz) ≤ 1
3
(G(x, x, fy)+ G(y, y, fz)+ G(z, z, fx))− φ (G(x, x, fy),G(y, y, fz),G(z, z, fx))
where φ : [0,+∞)3 → [0,+∞) is a continuous function with φ(t, s, u) = 0 if and only if t = s = u = 0.
Khan et al. [26] introduced the concept of altering distance function that is a control function employed to alter the metric
distance between two points enabling one to deal with relatively new classes of fixed point problems. Here, we consider the
following notion:
Definition 1.11. The function ψ : [0,+∞) → [0,+∞) is called an altering distance function if the following properties
are satisfied:
(1) ψ is continuous and increasing;
(2) ψ(t) = 0 if and only if t = 0.
In this paper, we prove some common fixed point results for two self mappings f and g , where f is a generalized weakly
G-contraction mapping of types A and Bwith respect to g . These notions will be given by Definitions 2.1 and 2.7.
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2. Main results
We start with the following definition:
Definition 2.1. Let (X,G) be a G-metric space and f , g : X → X be two mappings. We say that f is a generalized weakly
G-contraction mapping of type Awith respect to g if for all x, y, z ∈ X , the following inequality holds:
ψ(G(fx, fy, fz)) ≤ ψ

1
3
(G(gx, fy, fy)+ G(gy, fz, fz)+ G(gz, fx, fx))

−φ (G(gx, fy, fy),G(gy, fz, fz),G(gz, fx, fx)) , (2.1)
where
(1) ψ is an altering distance function;
(2) φ : [0,+∞)3 → [0,+∞) is a continuous function with φ(t, s, u) = 0 if and only if t = s = u = 0.
Theorem 2.2. Let (X,G) be a G-metric space and f , g : X → X be two mappings such that f is a generalized weakly G-
contraction mapping of type A with respect to g. Assume that f (X) ⊆ g(X), g(X) is a complete subset of (X,G) and the pair
{f , g} is weakly compatible. Then f and g have a unique common fixed point.
Proof. By the fact that f (X) ⊆ g(X), we can construct a sequence {xn} in X such that
gxn+1 = fxn for any n ∈ N.
If for some n, gxn+1 = gxn, then gxn = fxn, that is, f and g have a common fixed point. Thus, wemay assume that gxn+1 ≠ gxn
for any n ∈ N.
For n ∈ N, then by (2.1) and (G5), we get
ψ(G(gxn, gxn+1, gxn+1)) = ψ(G(fxn−1, fxn, fxn))
≤ ψ

1
3
(G(gxn−1, fxn, fxn)+ G(gxn, fxn, fxn)+ G(gxn, fxn−1, fxn−1))

−φ (G(gxn−1, fxn, fxn),G(gxn, fxn, fxn),G(gxn, fxn−1, fxn−1))
= ψ

1
3
(G(gxn−1, gxn+1, gxn+1)+ G(gxn, gxn+1, gxn+1)+ G(gxn, gxn, gxn))

−φ (G(gxn−1, gxn+1, gxn+1),G(gxn, gxn+1, gxn+1),G(gxn, gxn, gxn))
≤ ψ

1
3
(G(gxn−1, gxn+1, gxn+1)+ G(gxn, gxn+1, gxn+1))

≤ ψ

1
3
G(gxn−1, gxn, gxn)+ 23G(gxn, gxn+1, gxn+1)

. (2.2)
Since ψ is increasing, by (2.2), we have
G(gxn, gxn+1, gxn+1) ≤ 13 (G(gxn−1, gxn+1, gxn+1)+ G(gxn, gxn+1, gxn+1))
≤ 1
3
G(gxn−1, gxn, gxn)+ 23G(gxn, gxn+1, gxn+1). (2.3)
Then, it follows easily that
G(gxn, gxn+1, gxn+1) ≤ G(gxn−1, gxn, gxn) for any n ≥ 1. (2.4)
Therefore {G(gxn, gxn+1, gxn+1), n ∈ N} is a non-increasing sequence. Hence there exists r ≥ 0 such that
lim
n→+∞G(gxn, gxn+1, gxn+1) = r. (2.5)
Letting n →+∞ in (2.3), we get
r ≤ 1
3
lim
n→+∞G(gxn−1, gxn+1, gxn+1)+
1
3
r ≤ 1
3
r + 2
3
r = r,
which implies that
lim
n→+∞G(gxn−1, gxn+1, gxn+1) = 2r. (2.6)
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Again, from (2.2) we have
ψ(G(gxn, gxn+1, gxn+1)) ≤ ψ

1
3
(G(gxn−1, gxn+1, gxn+1)+ G(gxn, gxn+1, gxn+1))

−φ (G(gxn−1, gxn+1, gxn+1),G(gxn, gxn+1, gxn+1),G(gxn, gxn, gxn)) .
Letting n →+∞ and using (2.5), (2.6) and the continuities of ψ and φ, we get
ψ(r) ≤ ψ(r)− φ(2r, r, 0),
and hence φ(2r, r, 0) = 0. By a property of φ, we deduce that r = 0, that is,
lim
n→+∞G(gxn, gxn+1, gxn+1) = 0. (2.7)
Next, we show that {gxn} is a G-Cauchy sequence. Suppose, on the contrary, that {gxn} is not a G-Cauchy sequence, that is,
lim
m,n→+∞G(gxm, gxn, gxn) ≠ 0.
Then, there exists ε > 0 for which we can find two subsequences {gxm(i)} and {gxn(i)} of {xn} such that n(i) is the smallest
index for which
n(i) > m(i) > i, G(gxm(i), gxn(i), gxn(i)) ≥ ε. (2.8)
This means that
G(gxm(i), gxn(i)−1, gxn(i)−1) < ε. (2.9)
Now, from (2.8), (2.9), (G5) and Proposition 1.7 (iii), we have that
ε ≤ G(gxm(i), gxn(i), gxn(i))
≤ G(gxm(i), gxm(i)+1, gxm(i)+1)+ G(gxm(i)+1, gxn(i), gxn(i))
≤ G(gxm(i), gxm(i)+1, gxm(i)+1)+ G(gxm(i)+1, gxn(i)−1, gxn(i)−1)+ G(gxn(i)−1, gxn(i), gxn(i))
≤ 3G(gxm(i), gxm(i)+1, gxm(i)+1)+ G(gxm(i), gxn(i)−1, gxn(i)−1)+ G(gxn(i)−1, gxn(i), gxn(i))
< 3G(gxm(i), gxm(i)+1, gxm(i)+1)+ ε + G(gxn(i)−1, gxn(i), gxn(i)).
Letting i →+∞ in the above inequalities and using (2.7), we get that
lim
i→+∞G(gxm(i), gxn(i), gxn(i)) = limi→+∞G(gxm(i)+1, gxn(i), gxn(i))
= lim
i→+∞G(gxm(i), gxn(i)−1, gxn(i)−1)
= ε. (2.10)
By (2.1), we have
ψ(G(gxm(i)+1, gxn(i), gxn(i)))
= ψ(G(fxm(i), fxn(i)−1, fxn(i)−1))
≤ ψ

1
3
(G(gxm(i), fxn(i)−1, fxn(i)−1)+ G(gxn(i)−1, fxn(i)−1, fxn(i)−1)+ G(gxn(i)−1, fxm(i), fxm(i)))

−φ(G(gxm(i), fxn(i)−1, fxn(i)−1),G(gxn(i)−1, fxn(i)−1, fxn(i)−1),G(gxn(i)−1, fxm(i), fxm(i)))
= ψ

1
3
(G(gxm(i), gxn(i), gxn(i))+ G(gxn(i)−1, gxn(i), gxn(i))+ G(gxn(i)−1, gxm(i)+1, gxm(i)+1))

−φ(G(gxm(i), gxn(i), gxn(i)),G(gxn(i)−1, gxn(i), gxn(i)),G(gxn(i)−1, gxm(i)+1, gxm(i)+1))
≤ ψ

1
3
(G(gxm(i), gxn(i), gxn(i))+ G(gxn(i)−1, gxn(i), gxn(i))+ G(gxn(i)−1, gxm(i)+1, gxm(i)+1))

. (2.11)
Once again, since ψ is increasing, we get
G(gxm(i)+1, gxn(i), gxn(i)) ≤ 13 (G(gxm(i), gxn(i), gxn(i))+ G(gxn(i)−1, gxn(i), gxn(i))+ G(gxn(i)−1, gxm(i)+1, gxm(i)+1)).
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Then, by (G5) and Proposition 1.7, we have
G(gxm(i)+1, gxn(i), gxn(i)) ≤ 13 (G(gxm(i), gxn(i), gxn(i))+ G(gxn(i)−1, gxn(i), gxn(i))+ G(gxn(i)−1, gxm(i)+1, gxm(i)+1))
≤ 1
3
(G(gxm(i), gxn(i), gxn(i))+ G(gxn(i)−1, gxn(i), gxn(i))+ 2G(gxn(i)−1, gxn(i)−1, gxm(i)+1))
≤ 1
3
(G(gxm(i), gxn(i), gxn(i))+ G(gxn(i)−1, gxn(i), gxn(i))
+ 2G(gxn(i)−1, gxn(i)−1, gxm(i))+ 2G(gxm(i), gxm(i), gxm(i)+1)).
Letting i →+∞ in the above inequalities, and using (2.7) and (2.10), we get that
lim
i→+∞G(gxn(i)−1, gxm(i)+1, gxm(i)+1) = 2ε. (2.12)
Now, letting i →+∞ in (2.11) and using (2.7), (2.10), (2.12) and the continuities of ψ and φ, we have
ψ(ε) ≤ ψ

1
3
(ε + 0+ 2ε)

− φ(ε, 0, 2ε).
Therefore, we get φ(ε, 0, 2ε) = 0 and hence, by a property of φ, we deduce ε = 0, a contradiction. Thus {gxn} is a G-Cauchy
sequence in g(X). Since (g(X),G) is complete, then there exist t, u ∈ X such that {gxn} converges to t = gu, that is,
lim
n→+∞G(gxn, gxn, gu) = limn→+∞G(gxn, gu, gu) = 0. (2.13)
Since G is continuous on its variables, we have
lim
n→+∞G(gxn, gxn, fu) = G(gu, gu, fu), (2.14)
and
lim
n→+∞G(gxn, fu, fu) = G(gu, fu, fu). (2.15)
Let us show that fu = t . By (2.1), we have
ψ(G(gxn+1, gxn+1, fu)) = ψ(G(fxn, fxn, fu))
≤ ψ

1
3
(G(gxn, fxn, fxn)+ G(gxn, fu, fu)+ G(gu, fxn, fxn))

−φ(G(gxn, fxn, fxn),G(gxn, fu, fu),G(gu, fxn, fxn))
= ψ

1
3
(G(gxn, gxn+1, gxn+1)+ G(gxn, fu, fu)+ G(gu, gxn+1, gxn+1))

−φ(G(gxn, gxn+1, gxn+1),G(gxn, fu, fu),G(gu, gxn+1, gxn+1)).
Letting n →+∞ and using (2.7), (2.13)–(2.15) and the continuities of ψ and ϕ, we get
ψ(G(gu, gu, fu)) ≤ ψ

1
3
G(gu, fu, fu)

− φ(0,G(gu, fu, fu), 0). (2.16)
By Proposition 1.7(iii), we have G(gu, fu, fu) ≤ 2G(gu, gu, fu) and hence using the fact that ψ is increasing, (2.16) becomes
ψ(G(gu, gu, fu)) ≤ ψ

2
3
G(gu, gu, fu)

− φ(0, 2G(gu, gu, fu), 0).
Therefore G(gu, gu, fu) = 0 and hence fu = gu = t . Then, u is a coincidence point of f and g , and since the pair {f , g} is
weakly compatible, we have
ft = gt.
Now we prove that ft = gt = t . By (2.1), we have
ψ(G(gt, gxn+1, gxn+1)) = ψ(G(ft, fxn, fxn))
≤ ψ

1
3
(G(gt, fxn, fxn)+ G(gxn, fxn, fxn)+ G(gxn, ft, ft))

−φ(G(gt, fxn, fxn),G(gxn, fxn, fxn),G(gxn, ft, ft))
= ψ

1
3
(G(gt, gxn+1, gxn+1)+ G(gxn, gxn+1, gxn+1)+ G(gxn, gt, gt))

−φ(G(gt, gxn+1, gxn+1),G(gxn, gxn+1, gxn+1),G(gxn, gt, gt)).
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Letting n →+∞, we get
ψ(G(gt, gu, gu)) ≤ ψ

1
3
(G(gt, gu, gu))+ 0+ G(gu, gt, gt)

− φ(G(gt, gu, gu), 0,G(gu, gt, gt))
≤ ψ

1
3
(G(gt, gu, gu))+ 2
3
G(gt, gu, gu)

− φ(G(gt, gu, gu), 0,G(gu, gt, gt))
= ψ(G(gt, gu, gu))− φ(G(gt, gu, gu), 0,G(gu, gt, gt)),
which is true if φ(G(gt, gu, gu), 0,G(gu, gt, gt)) = 0, that is, gt = gu = t . We conclude that
t = gt = ft,
and so t is a common fixed point of f and g . To prove the uniqueness, let t ′ be another common fixed point of f and g . By
(2.1), we have
ψ(G(t, t, t ′)) = ψ(G(ft, ft ′, ft ′))
≤ ψ

1
3
(G(t, ft ′, ft ′)+ G(t ′, ft ′, ft ′)+ G(t ′, ft, ft))

−φ(G(t, ft ′, ft ′),G(t ′, ft ′, ft ′),G(t ′, ft, ft))
= ψ

1
3
(G(t, t ′, t ′)+ G(t ′, t, t))

− φ(G(t, t ′, t ′), 0,G(t ′, t, t))
≤ ψ

1
3
(2G(t, t, t ′)+ G(t ′, t, t))

− φ(G(t, t ′, t ′), 0,G(t ′, t, t))
= ψ(G(t, t, t ′))− φ(G(t, t ′, t ′), 0,G(t ′, t, t)).
Therefore, φ(G(t, t ′, t ′), 0,G(t ′, t, t)) = 0 and hence G(t, t ′, t ′) = G(t ′, t, t) = 0. Thus t = t ′. 
Example 2.3. Let X = [0, 2],G(x, y, z) = max{|x− y|, |y− z|, |z − x|}, ψ(t) = t/2, φ(t, s, u) = t+s+uk with k ≥ 6, fx = 1
and gx = 2− x. It is easy to show that f is a generalized weakly G-contraction mapping of type Awith respect to g . In fact,
we have
ψ(G(fx, fy, fz)) = 0,
ψ

1
3
(G(gx, fy, fy)+ G(gy, fz, fz)+ G(gz, fx, fx))

= 1
2

1
3
(|1− x| + |1− y| + |1− z|)

and
φ(G(gx, fy, fy),G(gy, fz, fz),G(gz, fx, fx)) = |1− x| + |1− y| + |1− z|
k
.
Now, condition (2.1) is trivially satisfied. Clearly, f (X) ⊆ g(X), g(X) is a complete subset of (X,G) and the pair {f , g} is
weakly compatible. Then, all the hypotheses of Theorem 2.2 are satisfied and so f and g have a unique common fixed point,
that is x = 1.
Corollary 2.4. Let (X,G) be a G-metric space and f , g : X → X be such that:
G(fx, fy, fz) ≤ α (G(gx, fy, fy)+ G(gy, fz, fz)+ G(gz, fx, fx)) ,
where α ∈ [0, 13 ). Assume that f (X) ⊆ g(X), g(X) is a complete subspace of (X,G) and the pair {f , g} is weakly compatible.
Then f and g have a unique common fixed point.
Proof. It suffices to take ψ(t) = t and φ(t, s, u) = ( 13 − α)(t + s+ u) in Theorem 2.2. 
Corollary 2.5. Let (X,G) be a complete G-metric space and f : X → X be such that:
ψ(G(fx, fy, fz)) ≤ ψ

1
3
(G(x, fy, fy)+ G(y, fz, fz)+ G(z, fx, fx))

− φ (G(x, fy, fy),G(y, fz, fz),G(z, fx, fx)) (2.17)
where
(1) ψ is an altering distance function;
(2) φ : [0,+∞)3 → [0,+∞) is a continuous function with φ(t, s, u) = 0 if and only if t = s = u = 0.
Then f has a unique fixed point.
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Proof. It suffices to take g = IdX , the identity mapping on X in Theorem 2.2. 
Corollary 2.6. Let (X,G) be a complete G-metric space and f : X → X be such that:
G(fx, fy, fz) ≤ 1
3
(G(x, fy, fy)+ G(y, fz, fz)+ G(z, fx, fx))− φ (G(x, fy, fy),G(y, fz, fz),G(z, fx, fx)) (2.18)
where φ : [0,+∞)3 → [0,+∞) is a continuous function with φ(t, s, u) = 0 if and only if t = s = u = 0. Then f has a unique
fixed point.
Proof. It follows by taking ψ(t) = t in Corollary 2.6. 
Definition 2.7. Let (X,G) be a G-metric space and f , g : X → X be given mappings. We say that f is a generalized weakly
G-contraction mapping of type Bwith respect to g if for all x, y, z ∈ X , the following inequality holds:
ψ(G(fx, fy, fz)) ≤ ψ

1
3
(G(gx, gx, fy)+ G(gy, gy, fz)+ G(gz, gz, fx))

−φ (G(gx, gx, fy),G(gy, gy, fz),G(gz, gz, fx)) (2.19)
where
(1) ψ is an altering distance function;
(2) φ : [0,+∞)3 → [0,+∞) is a continuous function with φ(t, s, u) = 0 if and only if t = s = u = 0.
Using arguments similar to those in Theorem 2.2, we can prove the following theorem:
Theorem 2.8. Let (X,G) be a G-metric space and f , g : X → X be two mappings such that f is a generalized weakly G-
contraction mapping of type B with respect to g. Assume that f (X) ⊆ g(X), g(X) is a complete subset of (X,G) and the pair
{f , g} is weakly compatible. Then f and g have a unique common fixed point.
As in the case of Theorem 2.2, we can deduce various corollaries from Theorem 2.8.
Corollary 2.9. Let (X,G) be a G-metric space and f , g : X → X be such that:
G(fx, fy, fz) ≤ α (G(gx, gx, fy)+ G(gy, gy, fz)+ G(gz, gz, fx)) ,
where α ∈ [0, 13 ). Assume that f (X) ⊆ g(X), g(X) is a complete subset of (X,G) and the pair {f , g} is weakly compatible. Then
f and g have a unique common fixed point.
Corollary 2.10. Let (X,G) be a complete G-metric space and f : X → X be such that:
ψ(G(fx, fy, fz)) ≤ ψ

1
3
(G(x, x, fy)+ G(y, y, fz)+ G(z, z, fx))

− φ (G(x, x, fy),G(y, y, fz),G(z, z, fx)) (2.20)
where
(1) ψ is an altering distance function;
(2) φ : [0,+∞)3 → [0,+∞) is a continuous function with φ(t, s, u) = 0 if and only if t = s = u = 0.
Then f has a unique fixed point.
Corollary 2.11. Let (X,G) be a complete G-metric space and f : X → X be such that:
G(fx, fy, fz) ≤ 1
3
(G(x, x, fy)+ G(y, y, fz)+ G(z, z, fx))− φ (G(x, x, fy),G(y, y, fz),G(z, z, fx)) (2.21)
where φ : [0,+∞)3 → [0,+∞) is a continuous function with φ(t, s, u) = 0 if and only if t = s = u = 0. Then f has a unique
fixed point.
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